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Scattering theory of magnetic/superconducting junctions with spin active interfaces
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We formulate a generalized scattering field theory a` la Bu¨ttiker describing particles transport
in magnetic/superconducting heterostructures. The proposed formalism, characterized by a four-
component spinorial wavefunction of the Bogoliubov de Gennes theory, allows to describe the spin
flipping phenomena induced by noncollinear magnetizations in the scattering region. As a specific
application of the theory, we analyze the conductance, the magnetoresistance and the generation
of spin-torque produced by an applied voltage in a spin-valve system. Quantum size effects and
quantum beating patterns both in the conductance and in the spin-torque are carefully described.
I. INTRODUCTION
Nanoscale structures involving Normal (N), Ferromag-
net (F) and Superconductor (S) junctions, the so-called
heterostructures, involve interplay of superconducting
and ferromagnetic order parameters providing a novel
opportunity to study the influence of the spin degree of
freedom on transport and thermodynamic properties of
such systems. A paradigmatic example is represented
by the normal metal (N)/superconducting (S) bilayer.
In this system the sub-gap transmission of an electron
propagating from the N-side towards the S-side is for-
bidden due to the absence of available electronic states
within the superconducting gap. Thus, in order to con-
serve the charge current, a propagating Cooper pair is
transmitted in the superconductor, while an hole is re-
flected in the normal metal. This anomalous reflection,
described by the pioneering work of Andreev1, has been
successively described by Blonder et al.2 in the language
of scattering theory (the so-called BTK theory). Differ-
ently from methods based on the transfer Hamiltonian
formalism (THF), the BTK scattering approach does not
assume weak coupling approximation and allows to study
transport in NS heterostructures from the metallic (high
transparency of the interface) up to the tunneling limit
(low transparency). In the tunneling limit, the agreement
between BTK theory and the Green’s function approach
shows that, in the absence of many-body correlations, a
scattering theory is extremely suitable for studying trans-
port in heterostructures avoiding time-consuming meth-
ods. Almost ten years after the BTK formulation, a de-
velopment for F/S interfaces based on a BTK-like theory
able to describe the Andreev reflection physics within
the scattering approach appeared3. A further improve-
ment of the original BTK formalism has been succes-
sively brought out by Anantram et al.4 who reformulated
the BTK theory in terms of the scattering field theory5
(BSFT) originally conceived by Bu¨ttiker5 for mesoscopic
(normal) systems. The formalism provides a clear cor-
respondence between physical observables and the scat-
tering matrix of the system within a second quantization
formalism, avoiding the by-hand construction character-
izing some parts of the BTK theory6. The Anantram
and Datta work4 is based on a two-component spinorial
Bogoliubov-de Gennes7 theory (as in the original BTK
theory) which is a convenient representation in the anal-
ysis of spin conserving processes. However, recently, the
need to explore the interplay between superconductivity
and magnetism stimulated the realization of magnetic su-
perconducting heterostructures. In the simplest case of
a ferromagnetic F/S bilayer8, the bulk magnetization of
the F-side can differ from the one at the interface and spin
flipping phenomena can take place at the F/S junction.
In order to fully describe the physics of the magnetic su-
perconducting heterostructures one needs to generalize
the BdG formalism to a four-component spinorial repre-
sentation. To the best of our knowledge, a scattering field
theory a` la Bu¨ttiker for magnetic superconducting het-
erostructures which properly treat spin active phenom-
ena at the interface is not yet available and our work aims
to fill such vacancy. In particular, the second quantized
form of the BTK theory offers important advantages in
obtaining non-local quantum properties (i.e. correlation
functions) which are not provided by the BTK theory.
Following the work of Anantram et al.4, the construction
of a spinful theory is important to correctly describe in-
terplay phenomena between superconductivity and mag-
netism.
For the presentation we follow the formalism of
Refs.[2,4] and focus our attention on quasi-one-
dimensional systems, while the generalization to the 2-
dimensional case is left for a forthcoming work. Within
our generalized scattering formalism we derive the ex-
pression for the charge and spin currents and the respec-
tive linear response to an external bias, i.e. the conduc-
tance and the spin-torque. The second part of the paper
is devoted to the study of the spin polarized transport
in a spin-valve system by the developed formalism. In
particular, we focus on the evidence of the Andreev re-
flection in the subgap transport at varying the magnetic
interaction and on the quantum size effects due to the
interlayer width to make a link to experimental obser-
vations. Among the transport properties, we do analyze
the conductance, the magnetoresistance and finally the
spin torque as a probe of spin-polarized transport.
The organization of the paper is the following: In Sec.II
2FIG. 1: Magnetic superconducting heterostructure as de-
scribed in the main text. The sequence of materials
[α1|α2|...|αn ] can be αn ∈ {F, S,NM}.
we introduce the Bogoliubov-de Gennes Hamiltonian and
present the scattering field theory generalized to include
spin flipping phenomena. We then derive the expression
of the charge and spin current and of the respective differ-
ential conductance in the presence of an external bias. In
Sec.III we present the results of the linear response ob-
servables: the conductance, the magnetoresistance and
the torkance for the structure shown in Fig.2. Conclu-
sions and perspectives are given in Sec.IV.
II. THE MODEL AND FORMALISM
We consider a one-dimensional magnetic super-
conducting heterostructure connected to normal
nonmagnetic leads (see Fig.1). The scattering region
is made by magnetic and superconducting regions αi
arbitrarily disposed along the transport direction. The
system is conveniently described by a 4-component
Bogoliubov-de Gennes (BdG) formalism in which
the quantum state of the system is described by the
wave-function |Ψ(x, t)〉 = ∑β,σ φβσ(x, t)|β〉 ⊗ |σ〉,
where β ∈ {e, h} is the particle index and σ ∈ {+,−}
represents the spin orientation along the quanti-
zation axis. Introducing the standard notation of
the BdG theory we set φeσ(x, t) → uσ(x, t) and
φhσ(x, t) → vσ(x, t) thus the state vector can be put in
the form |Ψ(x, t)〉 = (u↑(x, t), u↓(x, t), v↑(x, t), v↓(x, t))t.
Using a tensor product notation (see APPENDIX A),
the quasiparticle Hamiltonian can be represented as9
Hˆ = Pee ⊗ (Hˆe + Uˆ(x)) + Phh ⊗ [−(Hˆe + Uˆ(x))∗]
+ Peh ⊗ ∆ˆ(x) + Phe ⊗ ∆ˆ(x)†, (1)
where Pαβ = |α〉〈β| (α, β = e, h) are particle and/or
hole projectors with |e〉 = (1, 0)t and |h〉 = (0, 1)t; Hˆe,
Uˆ(x), ∆ˆ(x) are operators written in the spin-space basis
|σ = ±〉, |+〉 = (1, 0)t and |−〉 = (0, 1)t (t stands for
the transposed vector). Specifically, Hˆe is kinetic energy
operator defined by
Hˆe =
[
−~
2∂2x
2m
− EF
]
Iˆsp, (2)
being EF the Fermi energy and Iˆsp the identity operator
in the spin space. The potential energy Uˆ(x) may include
spin dependent Zeeman or spin-orbit coupling terms (e.g.
Uˆ(x) = ~h(x)·~ˆσ) and finally for an s-wave superconductor,
∆ˆ(x) = iσˆy∆(x) where σy is a Pauli matrix. In the
following we characterize the superconducting regions by
a constant order parameter ∆ (i.e. we assume a step-like
behavior of the gap at the N/S interfaces10).
Within our tensor product representation, the charge
and spin current operator in first quantization can be
written in a compact form as:
Jˆµ =
i~qµ
2m
(←−
∂ x −−→∂ x
)∑
β
ηβPββ ⊗ σβµ , (3)
where the index µ = 0, 1, . . . , 3, so that Jˆ0 is the charge
current operator, while Jˆ1, Jˆ2 and Jˆ3 represent the three
space-components of the spin current operator. In the
above notation we introduced q0 = qe, q1 = q2 = q3 =
~/2, ηe = −ηh = 1 and (σhµ)∗ = σeµ = σµ, σβ0 = ηβIsp,
being qe = −|e| the electron charge and σµ the µ-th Pauli
matrix.
The above expression for the currents derives from the
conservation laws of the charge Qˆ and spin Sˆµ densities,
Qˆ = qe
∑
β
ηβPββ ⊗ Iˆsp (4)
Sˆµ = (~/2)
∑
β
Pββ ⊗ σˆβµ.
In particular, the charge and spin densities conserva-
tion law can be put in the form of a continuity equation
with source/sink terms. Concerning the charge continu-
ity equation, the source/sink term is related to the di-
vergence of the Cooper pairs current11, while in the spin
density case such term is related to the spin-torque. In-
deed, a spin-torque Tˆµ can be generated by a magnetic
potential of the form Uˆ(x) = ~h(x)·~ˆσ and its µ-component
is represented by the operator
Tˆµ =
∑
β
Pββ ⊗
[
~h(x)× ~ˆσβ
]
µ
. (5)
The continuity equation for the spin density can thus be
written as ∂tSˆµ + ∂xJˆµ = Tˆµ.
A. Scattering formalism
In the following we describe the scattering field theory
for magnetic/superconducting heterostructures. In con-
structing the theory, the Andreev approximation (which
neglects the difference between the particle and hole mo-
mentum) is performed only in the external leads, while
inside the scattering region the exact wave-functions are
considered. This approach is performed to properly treat
the phase-coherent phenomena in the scattering region
and to correctly capture all the Andreev-reflections prob-
abilities.
3The scattering field (see APPENDIX B) in the j-th lead
can be written as12:
Ψˆj(x, t) =
∑
β,σ
∫
dE exp[−iEt]√
2π~v(E)
|β〉 ⊗ |σ〉 × (6)
[ aσjβ(E)e
ikβx + bσjβ(E)e
−ikβx],
where kβ = ηβk(E), while the scattering operator a
σ
jβ(E)
(bσjβ(E)) destroys an incoming (outgoing) particle of
species β ∈ {e, h} and spin projection σ ∈ {+,−}
in the lead j and within the Andreev approximation
vjβσ(E) ≈ v(E) = ~k(E)/m. The scattering field de-
fined above generalizes the one introduced in Ref.[4] to
the spinful case. The outgoing field operators are re-
lated to the incoming field operators by the scattering
matrix13,14:
bσiβ(t) =
∑
i′σ′β′
Sββ
′
ii′σσ′ (t)a
σ′
i′β′(t). (7)
Since the scattering states given by (6) form a complete
set of mutually orthogonal states (completeness relation),
the fields bσi satisfy the canonical commutation relations
{bσiβ, (bσ
′
i′β′)
†} = δii′δββ′δσσ′ and the current conservation
ensures the unitary condition of the S-matrix:
∑
i′σ′β′
Sββ
′
ii′σσ′(S
bβ′
ki′sσ′ )
∗ = δikδbβδsσ. (8)
The quantum statistical properties of the leads are
defined by the expectation value 〈aσ†jα(E)asiβ(E′)〉 =
δijδsσδαβδ(E − E′)fjα(E), fjα(E) being the Fermi dis-
tribution of the particle of species α in the electrode j.
The field operator Ψˆj acts on a many-particle state and
thus the expectation value O¯j of the generic operator Oˆ
in the j-th electrode is given by O¯j = 〈Ψˆ†jOˆΨˆj〉, where
the notation 〈· · ·〉 stands for the quantum statistical av-
erage.
B. Charge current and differential conductance
In this Section we derive the two-terminal conduc-
tance of the magnetic/superconducting heterostructure
depicted in Fig.1. For a multi-terminal device, the av-
erage charge current J¯ i0 flowing through the i-th lead is
given by J¯ i0 = 〈Ψˆ†i (x, t)Jˆ0Ψˆi(x, t)〉 and using the field
representation (6), it can be expressed in terms of the
scattering matrix as
J¯ i0 =
qe
h
∑
βαj
ηβ
∫
dE
[
2δijδαβ −Mβαij (E)
]
fjα(E), (9)
where Mβαij (E) = Tr[Sβα†ij (E)Sβαij (E)], Tr[· · ·] indicates
the trace on the spin indices, while Sβαij (E) are matri-
ces with respect to the spin indices. When a symmet-
ric potential drop is applied to the system, the elec-
trochemical potential in the i-th lead can be written as
µi = µ + (−)iqeV/2, being µ = (µ1 + µ2)/2 and V the
bias voltage. Taking as zero of the energies the electro-
chemical potential of the scattering region µs, we can
write fjα(E) = f([E + ηα(µs − µj)]/(KBT )), being T
the temperature. Let us note that µs = (µ1 + µ2)/2
only in the symmetric case. In the nonsymmetric case
µs 6= (µ1 + µ2)/2 = µ and thus µs must be deter-
mined self-consistently to conserve the charge current
(i.e.
∑
i J¯
i
0(V, µs(V )) = 0) as described in the Appendix
C. Within the linear response theory, the charge cur-
rent flowing through the i-th lead is obtained as Ii =∑
j gij(µj −µs) = GiV where gij is the conductance ten-
sor whose expression (see Appendix C) is:
gik =
e2
h
∫
dξ[−∂ξf(ξ)]eq × (10)
[ 4δik +Mheik (ξ) +Mehik (ξ)−Meeik(ξ)−Mhhik (ξ)],
where the sum rule
∑
jαMβαij (E) = 2 has been used.
For a generic structure the two-terminal conductance in
terms of the conductance tensor is given by:
G =
g22g11 − g21g12∑
ij gij
. (11)
Let us note that in the symmetric case the above relation
can be simplified as Gsym = (g11 − g12)/2 and thus:
Gsym =
e2
h
∫
dξ[−∂ξf(ξ)]eq × (12)
[ Mee12(ξ) +Mhh12 (ξ) +Mhe11(ξ) +Meh11(ξ)].
C. Spin currents and spin-torque
When the heterostructure contains magnetic layers
apart the superconducting ones, the application of an
external bias produces a spin current coexisting with the
charge flux. Differently from the charge, the spin density
is not conserved and thus a spin torque is exerted along
the nanostructure. In particular the spin torque results
from the divergence of the spin current as discussed in
Ref.[15].
In order to derive an expression of the spin-torque,
we need first to derive an expression of the spin cur-
rent in terms of the scattering matrix. This is given by
the quantum average of the spin current density operator
J¯ iµ = 〈Ψˆ†i JˆµΨˆi〉 (µ = 1, 2, 3) and using (6) one obtains:
J¯ iµ = −
∑
αβj
∫
dE
4π
Tr[Sβα†ij (E)σ
β
µS
βα
ij (E)]fjα(E), (13)
where J¯ iµ represents the µ-component of the spin current
density generated in the i-th lead. Let us note that
Eq.(13) represents an expression of the spin current
beyond the linear response regime. Moreover in calcu-
lating the spin current, the charge current conservation
4through the system must be monitored. In fact the
spin current is not conserved due to the presence of
a spin-transfer torque acting on the local magnetic
momentum of the magnetic region and thus a violation
of the charge conservation law may artificially change
the spin current gradient.
In order to relate the spin current gradient to the spin
torque we can consider the continuity equation of the
spin density Sµ:
∂tSµ + ~∇ · ~Jµ = Tµ. (14)
Under stationary condition, i.e. ∂tSµ = 0, one can apply
the Gauss-Green theorem to Eq.(14). Let us consider a
cylindrical surface of volume Ω encircling the scattering
center and with axis collinear to the transport direction
xˆ: ∫
Ω
~∇ · ~JµdV =
∫
Ω
TµdV =
∮
Σ
Jµxˆ · d~s. (15)
where Σ is the cylindrical surface Σ = s1 ∪ s2 ∪ sl with
s1 and s2 the areas collinear to the transport direction
(sˆ1 = −sˆ2 = xˆ) and sl the lateral surface of the cylinder.
Since for a quasi-one dimensional system, the physical
quantities Jµ and Tµ can be considered uniform along
the radial direction, one obtains:
∑
i
J iµ +
∫
SR
Tµdx = 0, (16)
where the integral is performed over the scattering region
(SR). Eq.(16) is the Kirchhoff’s law for the spin current
and it can be used together with Eq.(13) to derive the
total spin torque τµ =
∫
SR
Tµdx produced along the sys-
tem:
τµ =
∑
αβji
∫
dE
4π
Tr[Sβα†ij (E)σ
β
µS
βα
ij (E)]fjα(E). (17)
However, in spin valve devices it is important to resolve
the spatial dependence of the spin torque density. Indeed,
a spin valve is a device made by two magnetic layers sepa-
rated by an interstitial nonmagnetic region (spacer). The
relative volume of the magnetic layers can be taken very
different: one is the pinned magnetic layer (fixed layer),
having the largest volume, and the other is the thin mag-
netic layer called free-layer (FL). When a spin-polarized
current interacts with the thin ferromagnetic layer it un-
dergoes a spin-filtering and the result is, in general, that a
spin-transfer torque is applied to the magnetic layer. The
energy required to change the magnetization direction of
the free-layer can be provided by the flux of spin polar-
ized current activated by the application of an external
driving field (e.g. dc voltage bias or ac modulations).
In order make an explicit calculation we consider a spin
valve, as the one of Fig.2, with a Zeeman potential of the
form:
U(x) = [γδ(x)nˆ1 + h(x)nˆ2] · ~σ, (18)
FIG. 2: Superconducting spin valve as described in the main
text.
where nˆ1 = (sin(θ), 0, cos(θ)) represents the magnetiza-
tion direction of the FL, nˆ2 = (0, 0, 1) is the direction
of the magnetization of the fixed layer, while h(x) is a
step-like function. In this model the free-layer is directly
connected to the first lead (i.e. the region x < 0) and thus
the spin torque acting on this region is simply related to
the non-equilibrium spin density produced by the bias in
the first lead. Using Eq.(5), the zero temperature spin
torque components acting on the free-layer in the linear
response regime can be written as follows:
T‖ = −
eV Γ
4π
∑
αβj
Tr[Sβα†1j σ
β
yS
βα
1j ]ηαλj (19)
T⊥ =
eV Γ
4π
∑
αβj
Tr[Sβα†1j
(
sin(θ)σβz − cos(θ)σβx
)
Sβα1j ]ηαλj ,
where Γ = (kF γ)/EF , while the coefficients λj are given
in APPENDIX C. Furthermore, T‖ and T⊥ are the com-
ponents of the spin torque parallel and perpendicular to
the plane of the magnetization of the fixed layer (i.e.
~T = T‖νˆ‖ + T⊥νˆ⊥) whose directions are defined by the
vectors15:
νˆ‖ = −xˆ cos(θ) + zˆ sin(θ) (20)
νˆ⊥ = yˆ.
III. SPIN-POLARIZED TRANSPORT IN
SPIN-VALVE SYSTEMS
The scattering formalism developed so far can be em-
ployed to describe the linear response properties (i.e.
conductance and torkance) of the superconducting spin
valve depicted in Fig.2 (see also APPENDIX D). The
system is described by the BdG Hamiltonian given
in Eq.(1), where the superconducting gap operator is
∆ˆ(x) = iσy∆θ(x)θ(d1 − x), θ(x) being the Heaviside
step function while the two magnetic regions, namely F1
and F2, are modeled by the Zeeman potential given in
Eq.(18), where h(x) = EFhzθ(x − d1)θ(d1 + d2 − x).
Furthermore an additional barrier potential of the form
Uˆs(x) =
∑
j=0,1,2 Vjδ(x − xj)Isp (x0 = 0, x1 = d1,
5x2 = d1 + d2) is introduced at the interfaces. The
Vj are related to the dimensionless BTK parameters
zj = 2mVj/(~
2kF ) which measure the interface trans-
parencies, and are given by the transmission and reflec-
tion probabilities Tj , Rj via the relation zj =
√Rj/Tj.
Finally, the s-wave order parameter is taken in dimen-
sionless form as η = ∆/EF and its relation to the BCS
coherence length ξ is given by kF ξ = 1/η, ξ ≈ ~vF /(2∆).
In the following we set η = 1/200 and kF ≈ 1A˚−1 which
are suitable phenomenological values for conventional su-
perconducting materials such as Nb11.
In the subsequent analysis, adopting the same line of
Ref.[4], the self-consistent computation of the supercon-
ducting order parameter is neglected. In fact we will con-
sider the low-bias regime (i.e. eV/∆ ≪ 1) under which
the spin accumulation in the superconducting region is
unable to produce a relevant suppression of the super-
conducting gap.
A different mechanism of modification of the super-
conducting gap could be induced by the size of the su-
perconducting region as reported in Ref.[10]. However,
as shown in Fig.2 of that work, the superconducting gap
saturates to the bulk value as a function of the thick-
ness of the superconducting layer already at values of 2ξ
(ξ being the BCS coherence length). These features are
quite generic and seem to be robust for any value of the
scattering potential at the F/S interface and also for par-
allel or anti-parallel magnetizations in the ferromagnetic
leads. Thus we conclude that in our analysis neglecting
the self-consistency of the gap does not induce quantita-
tive important changes.
A. Differential conductance and magnetoresistance
In Fig.3 we report the differential conductance G as
a function of the energy ǫ/∆, with ǫ = eV , computed
setting the model parameters as follows: kFd1 = 600,
kFd2 = 250, z1 = z2 = z3 = 0.1, θ = 0, η = 1/200,
hz = −0.45. At increasing the Zeeman interaction Γ of
the thin layer, a lowering of the conductance is observed
below the gap. This is due to the fact that Andreev
reflection processes dominating the transport properties
below the superconducting gap become suppressed.
This behavior qualitatively reproduces the experimental
observations reported in Ref.[16] by STM technique.
The effect of the spin active barrier on the transport
properties of the system is analyzed in Figs.4. The
figures represent the differential conductance G com-
puted using the parameters: kFd1 = 575, kFd2 = 350,
z1 = z2 = z3 = 0.1, Γ = 0.85, η = 1/200. For both
the upper and lower panel the full line is computed by
setting θ = π/2, while the dashed line is obtained fixing
θ = 0. The Zeeman energy of the fixed layer is taken
hz = −0.5 in the upper panel and hz = −0.75 in the
lower one. The analysis of the figures shows that the sub
gap transport is not much sensitive to the magnetization
direction, while the quasi-particles transport depends
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FIG. 3: Two-probe differential conductance G (in unit of
e2/h) as a function of ǫ/∆ for the model parameters: kF d1 =
600, kF d2 = 250, z1 = z2 = z3 = 0.1, θ = 0, η = 1/200,
hz = −0.45. The parameter Γ takes values ranging from 0.9
(top curve) up to 2.2 (bottom curve) and it is increased with
constant step of 0.1 going from top to bottom curve.
on the orientation of the magnetization of the free-layer
and more harmonics appear in the oscillating behavior
of G above the gap. We do also observe a lowering of
the differential conductance as a function of hz from the
upper to the lower panel. The origin of the oscillations
above ǫ ≃ ∆ is due to releasing the Andreev approxima-
tion and are related to the formation of quasiparticles
resonances above the gap21.
In order to describe the magneto-transport properties
of the system, we introduce the magnetoresistance
(MR) defined as follows: MR = [GP − GAP ]/GAP ,
where we defined GP = G(|hz |,Γ, θ = 0) and
GAP = G(−|hz |,Γ, θ = 0). In Fig.5 we report the
MR as a function of ǫ/∆ setting the remaining parame-
ters as follows: kFd2 = 250, z1 = z2 = z3 = 0, Γ = 0.5,
η = 1/200, θ = 0, |hz| = 0.5. The different curves are
related to different width of the superconducting region
and in particular the dashed line indicates kFd1 = 600,
the full line kF d1 = 800, while the dashed-dotted line
kFd1 = 1000. The analysis of the results shows a change
of sign of MR as a function of kFd1 for ǫ < 0.5∆ which
indicates a change in the relative magnitudes of GP
and GAP . Furthermore, the small subgap values of
the MR indicate the inefficiency of the spin polarized
transport operated by the Cooper pairs. On the other
side, above the superconducting gap the quasi-particles
transport efficiently provides spin polarized currents
and thus MR values ranging from −10% up to 20%
are observed. The low values of MR below the gap
are due to a thickness of the superconducting region
larger than the coherence length ξ. Indeed, the curves
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FIG. 4: Two-probe differential conductance G (in unit of
e2/h) as a function of ǫ/∆ for the model parameters: kF d1 =
575, kF d2 = 350, z1 = z2 = z3 = 0.1, Γ = 0.85, η = 1/200.
The full line is computed by setting θ = π/2, while the dashed
line is obtained fixing θ = 0. The Zeeman energy term of
the fixed layer is taken hz = −0.5 in the upper panel and
hz = −0.75 in the lower one.
in Fig.5 are obtained for d1 ≥ 3ξ, i.e. for a thickness
such that the quasi-particles current coming from the
normal leads is almost fully converted in non-polarized
supercurrent. The latter point is evident in Fig.6 which
presents the MR as a function of the size kFd1 of the
superconducting region computed for the following set
of parameters: ǫ/∆ = 0.01, z1 = z2 = z3 = 0, Γ = 0.5,
η = 1/200, |hz| = 0.5, θ = 0. As the superconducting
spacer becomes larger than 3ξ (i.e. kFd1 = 600) a strong
suppression of the MR is observed for all the curves,
while below this threshold the quasi-particles current
is not efficiently converted in unpolarized supercurrent
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FIG. 5: Magnetoresistance MR as a function of ǫ/∆ for the
model parameters as follows: kF d2 = 250, z1 = z2 = z3 = 0,
Γ = 0.5, η = 1/200, θ = 0, |hz| = 0.5, while kF d1 = 600
(dashed line), kF d1 = 800 (full line) or kF d1 = 1000 (dashed-
dotted line). The inset contains the MR behavior within the
energy range [0, 0.5].
leading to a residual polarization responsible for sizeable
values of MR (≈ ±10%). The latter results imply that
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FIG. 6: Magnetoresistance MR as a function of the size kF d1
of the superconducting region computed for the model pa-
rameters: ǫ/∆ = 0.01, z1 = z2 = z3 = 0, Γ = 0.5, η = 1/200,
|hz| = 0.5, θ = 0, while kF d2 = 250 (circle, ◦), kF d2 = 300
(square, ) or kFd2 = 400 (diamond, ♦). The inset contains
the MR vs kF d1 in the range [850, 1200]. The sampling step
is 25 (i.e. 2.5nm).
a competition between superconducting and magnetic
properties becomes relevant for d1 < 2ξ, i.e. d1 < 40nm
for Nb superconductors. This result is consistent with
that found in Ref.[8] and the above conditions can be
7easily tackled in nanostructured devices17.
Regarding the oscillations observed they come from the
formation of resonant states below the gap and their
period is of the order of the coherence length. From the
analysis above it is evident that the behavior of the MR
is related to the amount of polarized current transmitted
to the free-layer. This quantity on turn depends on (i)
the efficiency of the fixed magnetic layer in polarizing
the particle current and (ii) on the transmission of
the polarized current produced by the polarizer (i.e.
the fixed layer) through the spacer region. Point (i)
is investigated in Fig.7 where the MR is reported as a
function of the size kFd1 of the superconducting region
for different values of |hz| setting the model parameters
as follows: ǫ/∆ = 0.01, z1 = z2 = z3 = 0, Γ = 0.5,
η = 1/200, θ = 0, kF d2 = 650. Apart from the general
aspect similar to the one of Fig.6, one observes that an
increasing of the Zeeman energy hz of the fixed layer
produces higher values of MR for a superconducting
spacer width smaller than kFd1 = 400. Furthermore,
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FIG. 7: Magnetoresistance MR as a function of the size kF d1
of the superconducting region computed for the model pa-
rameters: ǫ/∆ = 0.01, z1 = z2 = z3 = 0, Γ = 0.5, η = 1/200,
θ = 0, kF d2 = 650, while |hz | = 0.1 (circle, ◦), |hz| = 0.25
(square, ) or |hz| = 0.5 (diamond, ♦). The inset contains
the MR vs kF d1 in the range [850, 1200]. The sampling step
is 25 (i.e. 2.5nm).
the behavior of the MR as a function of hz is expected
to be proportional to Γhz cos(θ), i.e. the scalar product
of the magnetic momenta of the ferromagnets. This
is found in Fig.8 where we plot the MR as a function
of |hz| for the other model parameters: ǫ/∆ = 0.01,
z1 = z2 = z3 = 0, Γ = 0.5, η = 1/200, θ = 0,
kFd2 = 650, kF d1 = 200. The analysis of the figure
shows a linear behavior with respect to |hz| with a slope
proportional to Γ cos(θ), while an additional oscillating
pattern is observed. Such superimposed oscillations
depend on the interface potentials and their amplitude
increases at increasing the barrier heights zj from 0 up
to 0.1. In higher dimension (2D or 3D) we do expect
that interface disorder can reduce the amplitude of
such oscillations. Finally the quantum size effects are
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FIG. 8: Magnetoresistance MR as a function of |hz| computed
for the model parameters: ǫ/∆ = 0.01, z1 = z2 = z3 = 0,
Γ = 0.5, η = 1/200, θ = 0, kF d2 = 650, kF d1 = 200.
displayed in Fig.9 where a density-plot of the MR in the
plane (kF d1, kF d2) is shown for the model parameters:
ǫ/∆ = 0.01, z1 = z2 = z3 = 0, Γ = 0.5, η = 1/200,
θ = 0 and |hz| = 0.3 (upper panel) or |hz| = 0.5 (lower
panel). The dimensionless sampling step adopted in the
numerical simulations is 10 (i.e. 1 nm) for the upper
panel and 25 (i.e. 2.5 nm) for the lower panel18. The
overall behavior of the curves presented in Fig.9 show
oscillating patterns and a change of sign of the MR as
a function of the geometric parameters of the system.
The comparison between the upper and lower panel
shows the effect of the magnetic energy |hz| of the fixed
layer in rotating the wave front of the curves. This is
particularly evident for the MR as a function of kF d2
(i.e. the length of the fixed layer) for a fixed size of the
superconducting spacer. This dependence can represent
a relevant information for the experiments.
B. Spin-torque
Up to now we focussed our attention on the MR; how-
ever an additional probe of the spin polarized transport
through the system is provided by the spin torque (T⊥,||)
acting on the free-layer, see Eq.(19). Despite the few ex-
perimental reports concerning the direct measurement of
this observable, recently difficulties in making quantita-
tive measurements of the spin-torque seem to be over-
come. In particular magnitude and direction of the spin
torque have recently been measured in magnetic tunnel
8FIG. 9: Magnetoresistance MR as a function of kF d1 and
kF d2 for the model parameters: ǫ/∆ = 0.01, z1 = z2 = z3 =
0, Γ = 0.5, η = 1/200, θ = 0 and |hz| = 0.3 (upper panel)
or |hz| = 0.5 (lower panel). The density-plot shows the large
scale structure of the oscillations.
junction19 leading to a substantial understanding of the
angular momentum transfer in these systems. These de-
vices are of primary interest for the applications and rep-
resent excellent probes of the possibility to electrically
control (using dc or ac signals) the magnetic degrees of
freedom (i.e. the free layer magnetization). Within this
framework, the study of superconducting spin valves (as
the one depicted in Fig.2) can clarify the mechanism in-
volved in the angular momentum transfer through a thin
superconducting layer thus constituting a complemen-
tary tool in investigating the interplay between super-
conductivity and magnetism. A systematic analysis of
these structures, also including different symmetries of
the superconducting order parameters, could be useful
to probe exotic pairings and their ability in supporting
spin polarized current.
To start this study, we perform an analysis of the s-
wave case here. In the following we take eV → 1 and
thus the quantities T⊥,|| in units of eV coincide with the
derivative of the spin torque with respect to the bias in
the linear response regime, i.e. the so-called torkance. In
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FIG. 10: Parallel (dashed line) and perpendicular (full line)
component of the spin torque T⊥,|| as a function of θ computed
for the model parameters: ǫ/∆ = 0.01, hz = 0.5, Γ = 0.5,
η = 1/200, θ = π/2, kF d1 = 300, kF d2 = 300, while z = 0.1
for the upper panel, z = 0.3 for the middle panel and z = 0.6
for the lower panel.
Fig.10 we report the parallel (dashed line) and perpen-
dicular (full line) component of the spin torque T⊥,|| as
a function of θ computed setting the model parameters
as follows: ǫ/∆ = 0.01, hz = 0.5, Γ = 0.5, η = 1/200,
θ = π/2, kFd1 = 300, kFd2 = 300, where we use z = 0.1
for the upper panel, z = 0.3 for the middle panel and
z = 0.6 for the lower panel. The spin torque components
present an almost sinusoidal behavior as a function of the
9magnetizations angle θ and thus exhibit vanishing values
for θ = 0, π. The maximum values of T⊥,|| are observed
close to θ = ±π/2. By analyzing Fig.10 we do observe an
increasing of the maximum value of T⊥ and a change of
sign of T|| going from the upper to the lower panel (i.e. by
increasing z from 0.1 up to 0.6) . The latter behavior is
attributed to the difference of spin polarized currents at
the interface. The maximum (minimum) value of T⊥ in
the lower panel (see Fig.10) close to θ = −π/2 (θ = π/2)
takes an absolute value of 0.1µeV in the presence of an
applied bias of 1.5meV. This value is of the same order of
magnitude of that obtained in the case of nonsupercon-
ducting spin-valves (see for instance Ref.[20]). This fact
points out that nanostructured superconducting material
can support a spin polarized particles transport in agree-
ment with recent experimental findings, see e.g. Ref.[17].
However the values of the spin-torque strongly depend on
the interface properties, i.e. on the parameters zj in our
model, and thus a comparison with the experimental data
can be done only by considering zj as phenomenological
fitting parameters. The behavior of the spin torque T⊥,||
as a function of z (where we set z1 = z2 = z3 = z) for
different thickness of the SC layer is shown in Fig.11 for
the choice of parameters: ǫ/∆ = 0.01, hz = 0.5, Γ = 0.5,
η = 1/200, θ = π/2, kF d2 = 300. All the curves present
maximum values of the torkance close to z ∼ 1, while the
maximum value of the spin torque component T⊥ is in the
range 1− 2µeV. For highest values of z, i.e. z > 1, T⊥,||
start to decrease as an effect of vanishing particles flux
through the interfaces. On the experimental side, all our
analysis can represent an efficient way of detecting the
spin polarized effects in the magnetic/superconducting
heterostructures, despite the experimental difficulties of
engineering reproducible interfaces.
IV. CONCLUSIONS
In this work a scattering field theory for quasi-one-
dimensional magnetic heterostructures containing s-wave
superconducting regions has been developed. The second
quantized form of the scattering fields for the spinful case
allows a direct link between physical observable and their
relation to the scattering matrix describing the system.
Our formalism take fully into account Andreev reflec-
tions in the presence of spin-flip phenomena. We for-
mally derived spin and charge current and all the quan-
tities related to the linear response to an applied volt-
age bias V , i.e. the conductance and the torkance. In
particular, it has been pointed out that, in deriving the
spin current, the charge conservation through the system
must be monitored in order to guarantee the conserva-
tion laws. Indeed, the spin current is not conserved due
to the presence of a spin-transfer torque acting on the lo-
cal magnetization of the free-layer and thus a violation of
the charge conservation law may artificially change the
spin current gradient. The above change modifies the
spin torque in a quantitative way. As for the observ-
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FIG. 11: Parallel (dashed line) and perpendicular (full line)
component of the spin torque T⊥,|| as a function of the in-
terface potential z (z1 = z2 = z3 = z) computed setting the
model parameters as follows: ǫ/∆ = 0.01, hz = 0.5, Γ = 0.5,
η = 1/200, θ = π/2, kF d2 = 300, while kFd1 = 300 for the
upper panel, kF d1 = 380 for the middle panel and kF d1 = 400
for the lower panel.
ables, in the second part of the paper, we derived the
conductance and the magnetoresistance of a supercon-
ducting spin-valve and analyzed all the relevant quantum
size and coherent effects. Our analysis showed evidence
of Andreev reflections in the subgap transport at varying
the Zeeman interaction revealing the importance of the
spin-flip processes. As for the magnetoresistance we an-
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alyzed quantum size effects due to the superconducting
layer thickness and showed that it displays a strong oscil-
latory and non-monotonous behavior as a function of the
interlayer width. A peculiar interplay between supercon-
ducting and spin polarized transport properties becomes
evident for thickness of the order of the superconducting
coherence length. As a probe of the spin-polarized trans-
port we analyzed the spin-torque in the linear response
regime and characterized its behavior as a function of the
interface transparencies and direction of the magnetiza-
tion between the fixed and the free layer. It has been
found that the torque and magnetoresistance are both
strongly enhanced by a non-zero barrier height at the in-
terfaces. Our analysis can provide an efficient way of de-
tecting spin polarized transport in experiments on mag-
netic/superconducting heterostructures helping some ba-
sic understanding and stimulating further studies.
Appendix A: Tensor product
In this work the sign ⊗ is employed to define the Kro-
necker product or tensor product of matrices. Given the
matrices A and B the matrix C = A ⊗ B is obtained as
follows:
C =
( A11B ... A1nB
Am1B ... AmnB
)
, (A1)
where the size of A is m × n. According to the above
definition, provided that |e〉 = (1, 0)t and |−〉 = (0, 1)t,
we get, for instance, |e〉 ⊗ |−〉 = (0, 1, 0, 0)t.
Appendix B: Scattering field in
momentum-representation
Within the scattering approach one assumes that far
from the scattering center the particle is free and its lin-
ear momentum p = ~k is a good quantum number for
labeling the scattering states. According to this, the
scattering field can be expanded in the eigenstates of the
linear momentum operator Pˆ =∑β Pββ ⊗ ηβIsp(−i~∂x).
The eigenstates of Pˆ in our tensor product notation are
defined by
Pˆ|Ψβσk(x)〉 = ~k|Ψβσk(x)〉, (B1)
where |Ψβσk(x)〉 = (
√
2π)−1|β〉 ⊗ |σ〉eiηβkx and 1/√2π
is a normalization factor. These set of states satisfy the
completeness relation:
∑
βσ
∫
dk|Ψβσk(x)〉〈Ψβσk(x′)| = I4×4δ(x− x′), (B2)
where the identity operator is written as I4×4 =∑
βσ Pββ ⊗ |σ〉〈σ|. The generic wave-function |Ψ(x)〉 =
∑
β,σ φβσ(x)|β〉 ⊗ |σ〉, can be written in the basis set of
the eigenstates of Pˆ as:
|Ψ(x)〉 =
∑
βσ
∫
dk√
2π
Φβσ(k)|β〉 ⊗ |σ〉eiηβkx, (B3)
where the coefficients Φβσ(k) =
∫
dx′φβσ(x
′)e−iηβkx
′
, are
related to the projection of |Ψ(x)〉 on the eigenvectors of
Pˆ.
Appendix C: Self-consistent determination of the
chemical potential and the conductance tensor
As described in the main text, in the non-symmetric
case the chemical potential of the scattering region µs 6=
(µ1 + µ2)/2 = µ and thus a self-consistent computation
of µs is required. Its calculation follows from the charge
current conservation21,
∑
i J¯
i
0(V, µs(V )) = 0. Since in
principle, such a condition implies the solution of an in-
tegral equation, a great simplification follows in the lin-
ear response regime in the applied voltage bias V . In
this case the charge current flowing through the i-th lead
is obtained as Ii =
∑
j gij(µj − µs), where gij is the
conductance tensor and the charge conservation implies∑
i Ii = 0. Solving the latter equation (Kirchhoff’s law)
with respect to µs we have:
µs =
∑
ij gijµj∑
ij gij
. (C1)
From the equation above it immediately follows that in
the case of a two-terminal22 symmetric system (where
g11 = g22) the chemical potential µs is bias independent,
µs = µ. More generically, one can analyze the potential
drop to the left and right junction, i.e.:
µj − µs = qeV λj , (C2)
where the coefficients λj are function of gij as shown
below:
λ1 = −g12 + g22∑
ij gij
(C3)
λ2 =
g21 + g11∑
ij gij
.
Observing that λ2 − λ1 = 1 one correctly recovers that
µ2 − µ1 = qeV (λ2 − λ1) = qeV , while for a symmetric
system λj = (−)j/2. From the definitions above one
immediately infers that the electrochemical potential of
the scattering region µs is displaced from µ = (µ1+µ2)/2
according to the relation:
µs = µ+
qeV
2
[g22 − g11∑
ij gij
]
. (C4)
Noticing that in the linear response regime Ii = GiV
where Gi =
∑
j gijλj and using the expression above for
11
λj one obtains
23:
G =
g22g11 − g21g12∑
ij gij
. (C5)
For symmetric systems the relation above can be simpli-
fied as
Gsym = (g11 − g12)/2 (C6)
Let us note that Eq.(C6) and Eq.(12) in the main text re-
produces the result given in Eq.(11) of Ref.[24] using the
Lambert’s method. However, since we are considering a
one-dimensional structure in place of the bidimensional
one, the angular integration
∫
dθ cos(θ)[· · ·] is not present
in our result.
Appendix D: Boundary conditions of the scattering
problem
To determine the scattering matrix coefficients one has
to use the mode-matching technique as formulated in
the theory of quantum wave-guides. According to this
method, the BdG equation is solved in each branch and
the resulting eigenmodes are used to expand the scat-
tering wave-function. Each wave-function is than deter-
mined by imposing proper boundary conditions25. E.g.
in the presence of a single particle magnetic potential
U(x) = γδ(x)nˆ · ~σ, nˆ = (nx, ny, nz) being the unit vector
describing the magnetization direction (|nˆ|2 = 1), the
BdG wavefunction Ψ(x) = (u↑(x), u↓(x), v↑(x), v↓(x))
t
must satisfy the following boundary conditions:
Ψ(x = 0+) = Ψ(x = 0−) (D1)
∂xΨ(x = 0
+)− ∂xΨ(x = 0−) = 2mγ
~2
AΨ(x = 0+),
where the 4× 4 matrix A is defined as follows:
A =
(
nˆ · ~σ 0
0 nˆ · ~σ∗
)
. (D2)
In the case of a non-magnetic potential U(x) = γδ(x)Isp
the previous boundary conditions must be modified sub-
stituting A with the 4 × 4 identity I4×4, i.e. A → I4×4.
In the absence of potential, i.e. γ = 0, the boundary
conditions imply the continuity of the BdG wavefunction
and its derivative.
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